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Abstract
We investigate the intersection R of two permutable Hermitian surfaces of PG(3, q2), q odd. We
show thatR is a determinantal variety. From the combinatorial point of viewR comprises a complete
(q2 + 1)-span of the two corresponding Hermitian surfaces.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In PG(r, q2) a non-singular Hermitian variety is deﬁned to be the set of all self-conjugate
points of a non-degenerate unitary polarity, and is denoted by H(r, q2)H. The concept
of permutable Hermitian varieties was introduced by Segre [4], as follows. Let  denote the
involutory automorphism of GF(q2) given by
 : x −→ x¯ = xq
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and letT denote the polarity associatedwithH. LetU be a -collineationwhich is involutory
and permutable with T. Set
V = UT = T U . (1)
Since T 2 = 1, U2 = 1, (1) implies V 2 = 1, T = UV = VU and hence we get
U = T V = V T . (2)
Now assume that V is the polarity with respect to a non-singular Hermitian varietyH′ of
PG(r, q2), different fromH. If condition (2) holds, the two Hermitian varietiesH andH′
are deﬁned to be permutable.
For q odd, U turns out to be a biaxial, harmonic involutorial collineation determined by
skew fundamental spaces s and ′r−s−1 of dimension s and r − s − 1, respectively. These
are either subspaces of PG(r, q2), or conjugate spaces over a quadratic extension ﬁeld of
GF(q2). Setting s′ = r − s − 1, the pair (s ,s′) is transformed into itself by the polarity
T associated withH.
For the rest of the paper we restrict ourselves to the case r = 3. We investigate the
intersection of two permutable Hermitian surfacesH andH′ of PG(3, q2), q odd, in the
case when the skew lines 1 and ′1 are reciprocal; that is, they both lie onH (andH′).
Recall that a t-span ofH(3, q2) is a set of t disjoint generators, see [3]. A t-span is called
complete if it is not contained in a (t + 1)-span, and it is called a spread if it partitions the
point set ofH(3, q2). It was ﬁrst proven by Segre [4] that spreads do not exist inH(3, q2),
and hence the emphasis here is on constructing complete t-spans as well as getting decent
upper and lower bounds for the their possible sizes.
Theorem 1. LetH andH′ be two permutable Hermitian surfaces of the projective space
PG(3, q2), q odd. Assume that the skew fundamental lines 1 and ′1 are reciprocal. If R
is the intersection ofH andH′, then R is a determinantal ruled variety and comprises
the lines of a complete (q2 + 1)-span ofH (orH′).
The punch line for the above result is provided by the following theorem that Ebert and
Hirschfeld, proved for any prime power q.
Theorem 2 (Ebert and Hirschfeld [2, Theorem 3.2]). The q2+ 1 generators meeting each
of two skew generators ofH form a complete span.
2. Preliminaries
Keeping the previous notation, letH andH′ be two permutable Hermitian surfaces in
PG(3, q2), q odd, and let 1 and ′1 be the skew fundamental lines. Then 1 and ′1 are
either mutually polar or reciprocal. We may assume that 1 and ′1 have equations
X0 =X1 = 0
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and
X2 =X3 = 0,
respectively. In the case in which 1 and ′1 are reciprocal (that is, whenH passes through
1 and ′1) the Hermitian matrix A associated withH is of the form
A=
(
O M
N O
)
,
where M and N denote two non-singular matrices over GF(q2) of order 2, satisfying the
condition N = M¯ t . A similar statement can be made forH′.
To reduce simultaneouslyM and N to a diagonal form, choose a simplex of PG(3, q2) as
follows.Take two fundamental points in1, and then choose the two remaining fundamental
points on ′1 as the vertices of the 2-simplex cut on ′1 by the polar planes of the ﬁrst two
points with respect toH. Fixing the unit point in a suitable way, M and N can be reduced
to unitary matrices of order 2. Therefore, the equation ofH can be written as
(X0X¯2 +X1X¯3)+ (X2X¯0 +X3X¯1)= 0.
The Hermitian surfaceH′ has equation
(X0X¯2 +X1X¯3)− (X2X¯0 +X3X¯1)= 0.
ThusH andH′ meet in the ruled varietyR deﬁned by the equations,
X0X¯2 +X1X¯3 = 0, (3)
X2X¯0 +X3X¯1 = 0, (4)
the second equation being equivalent to the ﬁrst.
Now assume 1 and ′1 are mutually polar. In this case the matrix A associated with H
is of the form
A=
(
M O
O N
)
,
where M and N denote two non-singular Hermitian matrices over GF(q2) of order 2. By
choosing a suitable reference system, M and N can be reduced to unitary matrices. Hence
we obtain thatH has equation
X
q+1
0 +Xq+11 +Xq+12 +Xq+13 = 0,
whereas the equation ofH′ can be written as
X
q+1
0 +Xq+11 −Xq+12 −Xq+13 = 0.
Thus the intersection ofH andH′ is a ruled varietyR′ with equations
X
q+1
0 +Xq+11 = 0,
X
q+1
2 +Xq+13 = 0.
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That is, there is a Baer subline in each of 1 and ′1 such that R′ consists of the (q + 1)2
lines in PG(3, q2) joining a point of the ﬁrst Baer subline to a point of the second Baer
subline. However, no span ofH arises in this case, and so we concentrate on the ﬁrst case
in which 1 and ′1 are reciprocal.
3. Intersection of two permutable Hermitian surfaces
In this section we provide a proof of Theorem 1. Taking into account (3), we see thatR
is represented by the set of all 2× 2 matrices
(
X0 −X1
X¯3 X¯2
)
such that det
(
X0 −X1
X¯3 X¯2
)
= 0.
That is, R is a determinantal variety. Straightforward computations show that the family
R1 of lines represented by the equations
X0 − X1 = 0,
X3 + ¯X2 = 0,
as  varies over GF(q2) ∪ {∞}, covers precisely the points of R. Next, we prove that any
two lines of R1 are skew. Let 1, 2 be two different lines of R1 corresponding to distinct
values of the parameter 1, 2, respectively. Since
det


1 −1 0 0
0 0 ¯1 1
1 −2 0 0
0 0 ¯2 1

= (2 − 1)(¯1 − ¯2)= 0
if and only if 1 = 2, it follows that 1 and 2 are skew lines. Therefore, R1 consists of
q2 + 1 skew lines and |R| = (q2 + 1)2. Moreover, each line of R1 meets the two skew
generators 1 and ′1 ofH (orH′), and hence from Theorem 2 it follows that R1 is a
complete (q2 + 1)-span ofH (andH′). This proves Theorem 1.
4. Further comments on spans of Hermitian surfaces
In [1] the authors show that if S is a symplectic spread of PG(3, q), where q is any prime
power, and ifW3(q) is a symplectic subgeometry containing S, then the lines ofW3(q)
extended over the ﬁeld GF(q2) cover the points of a Hermitian surfaceH in PG(3, q2).
Moreover, the extended lines of S form a complete (q2 + 1)-span ofH. In the special case
when the symplectic spread is regular, the resulting complete (q2 + 1)-span has two skew
transversal generators in the constructed Hermitian surface.
In fact, any (q2 + 1)-span T ofH that consists of the generators meeting each of two
given skew generators, which was shown to be complete in [2], necessarily comes from the
GF(q2)-extension of a regular spread of a symplectic subgeometryW3(q) embedded inH.
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The easiest way to see this is to use the duality between the polar spacesHH(3, q2) and
Q−(5, q). Under the Plücker map, the image of such a span T is a three-dimensional elliptic
quadric E contained in Q−(5, q). If PG(3, q) is the ambient space of E, the q + 1
hyperplanes containing meetQ−(5, q) in two orthogonal cones and q−1 4-dimensional
parabolic quadrics. Each of these parabolic quadrics corresponds via the Plücker trans-
formation to a general linear complex of lines. Thus the (q2 + 1)-span T arises in q − 1
different ways from a regular spread of a symplectic subgeometryW3(q) embedded inH.
In particular, this shows that the construction of a complete (q2 + 1)-span given in [2] is
equivalent to the special case of the construction given in [1] when the symplectic spread
is regular.
Thas [6] presents a general method for constructing spans of size 12 (3q2 − q + 2) inH.
The idea is as follows. Start with three mutually skew generators ofH, say 1, 2 and 3.
It is well known that there are q + 1 generators meeting each of 1, 2 and 3, and these
generators are also mutually skew. Let T1 be the resulting (q + 1)-span ofH. Take any
point, say A, of 1 not covered by the span T1. Let m1 be the unique generator through A
that meets 2, say in the point B. Necessarily, m2 does not meet 3. Let m2 be the unique
generator through B that meets 3, say in the point C. Next let m3 be the unique generator
through C that meets 1, say in the point D. Notice that D = A sinceH is a generalized
quadrangle and hence contains no triangles.
Now repeat the process. Let m4 be the unique generator through D meeting 2, say
in the point E, and so on. SinceH is a generalized quadrangle, it follows that choosing
every other generator, say {m1,m3,m5, . . .} will yield a span ofH whose points covered
will be disjoint from the points covered by T1. Eventually, this process will terminate, and
in practice terminates in a hexagon {m1,m2,m3,m4,m5,m6} with an accompanying 3-
span T2, all of whose generators are necessarily skew to the generators of T1. If there are
still uncovered points on 1, start the process again to construct another span T3, all of
whose generators are skew to those previously selected. Since there are 3q(q − 1) points
on 1 ∪ 2 ∪ 3 not covered by T1, this method will eventually terminate in a span of size
q + 1+ 32q(q − 1)= 12 (3q2 − q + 2) that covers all the points of 1 ∪ 2 ∪ 3.
The above constructed span is not always complete. For instance, when q = 4, the 23-
span so constructed can be completed (in exactly one way) to a 24-span. However, when
q = 3, 5, 7 and 8, the constructed spans of sizes 13, 36, 71 and 93, respectively, are indeed
complete. When q = 7 and 8, the spans constructed here are larger than those found by
random searching in [1]. Nonetheless, the best known upper bound for the size of a span
in H(3, q2) is cubic in q (see [5]), so there appears to be a lot of room between this bound
and the known constructions.
We conclude with a few more remarks.
Remark 3. An alternative proof to Theorem 1.2, again using the duality betweenH(3, q2)
andQ−(5, q), can be given as follows. Under the Plücker map, the image of a (q2+1)-span
of H(3, q2) as in Theorem 1.2 is an elliptic ovoid E on Q−(5, q). We prove that E is a
complete partial ovoid of Q−(5, q). Let T be the three-dimensional subspace of PG(5, q)
such that E =Q−(5, q) ∩ T . Assume that P is a point on Q−(5, q) that is not orthogonal
to E. Then P⊥ either contains T or meets T in a plane . Since  always meets E, we get a
contradiction in both cases.
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Remark 4. It is possible to construct tactical conﬁgurations starting from symplectic sub-
geometries of a Hermitian surfaceH in the following way. Deﬁne points to be the point
sets of the symplectic subgeometries embedded inH. Consider a (q2 + 1)-span meeting
two skew generators ofH, and remove from the underlying point set the points of the two
transversal generators; such a set is deﬁned to be a block. A point and a block are said to be
incident if the point is contained in the block. Since the number of symplectic spreads of
a symplectic subgeometryW3(q) embedded inH which have PSL2(q2)C2 as an auto-
morphism group is q2(q2 − 1)/2, and each of them gives rise to a (q2 + 1)-span meeting
two skew generators by extending scalars over GF(q2), we see that through each new point
there pass q2(q2 − 1)/2 blocks and the resulting incidence structure is a
[(q2(q3 + 1))(q2(q2−1)/2), (q4(q3 + 1)(q + 1)/2)(q−1)]
tactical conﬁguration.
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